
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



PROOF OF THE SUFFICIENCY OF JACOBI'S CONDITION FOR 

A PERMANENT SIGN OF THE SECOND VARIATION 

IN THE SO-CALLED ISOPERIMETRIC PROBLEMS* 

BY 

OSKAR BOLZA 

§1. Formulation of the Prohlem. 

The discussion of the second variation for the simplest class of isoperimetvic 
problemsf, in parameter representation, leads to the following question : 

Let H^, 11^, T be three given functions | of <, regular in an interval § 
(^^, <,); moreover it is supposed that //, > and T ^ ^ on. (t^, t^) . Under 
what conditions will the definite integral 



-=x:h('"y-->-]* 



* Presented to the Society (Chicago) March 29, 1902. Received for publication April 2, 1902. 
Published simultaneously in the Decennial Publications of the University of Chicago. 

t The class treated in Kkkskk'S Lehrbueh der Variationsrechnung in Chap. IV, in which it is 
required to minimize an integral of the form 

I'-=J^'^"F{x,y,x',y')dt, 

while at the same time another integral of the same form 

K= C''G{x,y,x',y')dt 

has a prescribed value. 

t i/i , H^ are derived from n^= F+'^G in the same manner as F^ , F^ from F in the theory of 
the unconditioned problem ; for Weiekstkass' explicit expression of F^ see Bliss, Transac- 
tions of the American Mathematical Society, vol. 3 (1902), p. 133. Further 

T=G^ — 6.'y + G, (x'y" — I'Y ) , 

the literal subscripts denoting partial differentiation. 
§ The notation implies that <o < 'i • 
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306 O. BOLZA: on JACOBI'S condition [July 

be positive for all functions w, not identically zero, satisfying the following 
conditions : 

(a) w{tj = 0, w{t^) = 0, 



(6) f\oTdt^O, 



(c) the functions w satisfy certain conditions concerning continuity and 
existence and continuity of the first derivative. 

With respect to (c) we make the assumption* that w itself shall be con- 
tinuous on (<y, t^) and that the interval (i^, t^) can be divided into a finite num- 
ber of subintervals such that on each subinterval the first derivative exists and 
is continuous, — with the understanding that in the lower ( upper) endpoint of each 
subinterval "progressive (regressive) derivative" is substituted for "derivative." 

The answer is as follows: Denote by '^(w) the differential expression 

and by U and V two integrals f of the differential equations 

(1) ^(Z7) = 0, ^(F)=r 
respectively, which vanish for t = t^: 

(2) f^(<o) = 0' ^(<„)-0; 
further let 

M= C UTdt, N= frrdt, 

and put 

A{t,t,) = MV-NU. 

Then if t'^^ denote the zero of ^{t^t^) next greater than t^ (the " conjtcgate to 
<^,"), the necessary and sufficient condition for the validity of the relation 
8'/> is that 

(3) «,<<;. 



* This agreement means for the isoperimetric problem that we restrict ourselves to continuous 
curves made up of a finite number of arcs along each of vphich the curve has a continuously turn- 
ing tangent. 

t It is well known that the general integral of 

■i{w)=tiT, 

where i^ is any constant, can be derived from the general integral of the differential equation of 
the extremals by differentiation with respect to the constants of integration and the isoperimetric 
constant?.. See Hobmann, Dissertation, Gottingen, 1887, and Knesee, Mathematische 
Annalen, vol. 55 (1901), p. 93. 
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That this condition (" Jacobi's condition") is necessary is easily seen.* For 
the integral 8^/ can be thrown, by an integration by parts, into the form 

(4) 8^7= rw'9{w)dt, 

so that, on account of (5), 

(6) 8^7= r\{^{w)-iiT)dt, 

fi being any constant. And if f^ ^ ^j , we could make S*7= by choosing 

w = M(Qr(t)-W(t;W{t) on (t„t',), 
M)= on («;,, t^); 

this function w fulfills the conditions (a), (6), (c) and besides it satisfies the dif- 
ferential equation 

and therefore it makes S^7= O.f 

It is less evident that the conditioa (3) is also sufficient, and to show this is 
the object of the present note. 

§ 2. Proofs of the Sufficiency of JacohUs Condition. 

Our proof is based upon an extension of the lemma concerning the differ- 
ential expression '^(lo) by which Jacobi proves the analogous theorem for the 
unconditioned problem, viz : 

♦Compare Hormann, 1. o., and Kneseb, 1. c; the proof had already been given, in slightly 
different form, in Wbiersteass' Lectures on the Calonlns of Variations of 1873. 

■\6^I can even be made <0, as shown by Kneseb, 1. o.; compare also Bolza, Zur zioeiten 
Variation bei isoperimelrisehen Problemen, in one of the forthcoming nnmbeni of the Mathema- 
tisohe Annalen. 

t Inasmuch as the isopeiimetric problem here considered is a special case of the general prob- 
lem : To minimize an integral of the form 

/=/ F(t; Xj, Xi, • ■■, a;„; x'i,x'„ •■■, x'n)dt, 

the unknown functions Xi, x,, ■■ •, Xn being connected by a number of relations of the form : 

<j>a(t; Xi, arj, •••, *,; ac',, a^, ••■, x'„)=0 (a = l, 2, ...,«»), 

the proof might be derived by specialization from Hayes's, researches on the second variation 
for the general problem (Crelle's Journal, vol. 69 (1868), p. 238, and Mathematisohe 
Annalen, vol. 13 (1878), p. 53; compare also C. Jordan, Cours d' Analyse, III, Nob. 373-394 
and V. EsoHEBiCH, Sitzungsberiohte der Wiener Academic, vol. 107, Ila (1898), pp. 
1191, 1268, 1384). A proof thus obtained would, however, be much more complicated than the 
direct proof given in the text. 
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If u be any integral of the differential equation 

^(m)=0, 
then for every function p admitting first and second derivatives the relation 

(^m)^(^m) = H^{p'uY - j^ H.pp'v? 

holds, accents denoting differentiation with respect to t. 

To obtain the desired extension of this lemma let u, vhe integrals of the 
differential equations 

(6) ^(m) = 0, ^{v)=T 

respectively, both vanishing in a point t=- r^: 

(7) ^Kr„) = 0, ^(tJ = 0; 

let further ^, g' be two arbitrary functions of t admitting first and second 
derivatives, and denote for shortness 

0) = pu + qv . 
Then 

o)^((jd) = [pu + qv)qT — II^{pu + qv)(p'u' + q'v') 

- (pu + qv) j^ H,{p'u + q'v), 
which may easily be written 

©■^(o)) = H^i^p'u + qvf — II^{pq' — p'q)(uv' — u'v) + (pu + qv)qT 

- Jt H^{P^ + qv){p'u +q'v). 
Further if we introduce 

m= I uTdt, n= 1 vTcU, 

«-'to Vto 

then 

[pu + qv)qT= {pm' + q'n'')q 



= ^^ {pm + qn)q — (p'm + q'n)q — (pm + qn)q\ 
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But from (6) and (7) follows that * 

H^ ( uv — u'v) = — m; 
hence we obtain 

{pu + qv)'ir{2m+ qv) = n^{p'u + q'vf — ^q{li'm + q'n) 

- ^In [ ^A ( V^ + ?« ) (i''^« + ?''")-( V'>n + ?») ? ] , 

which is the desired extension of Jacobi's lemma. 
Since 

//,«'' + H.y = ft)^ (a.) + ^^^^(//^ft)ft)' ), 

we further derive from (8) the following relation : 

//jft)'^ + II^o? = n^{j)'u + q'vf— '2.q{p'm + ^''m) 
(9) 

In the latter formula the second derivatives of p and q do not occur ; hence 
it can be inferred that (9) holds even for functions p, q admitting first hut not 
second denvatives. — 

"We now proceed to prove the sufficiency t of Jacobi's condition. We sup- 
pose then that 

<i < ^0 ' 
so that 

A{t,t^)^0 for every <, t^<t^t^. 

Now choose t„ < t^ but so near to it that 11^ ,11^, T remain regular in the 
enlarged interval ( t„ , t^ and that 

(10) A(<,T„) + 0, 

for every < , t^^t'^t^; such a choice of t„ is always possible. % 



*Compare Kresee, 1. c, equation (22). 

tit is hardly necessary to say that we are always speaking of sufficienoy for a permatient sign 
of 6^1, not of sufficiency for a minimum. 

JFor a proof see C. Jordan, Cours d' Analyse, vol. Ill, no. 393. 
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Let w be any function of t satisfying the conditions (a), (6), (c) for the inter- 
val ( <j , <j ) and =0 on ( t^ , t^); then define the two functions p » <? by the two 
equations 

»M + 0"y = ^t) , 

(11) , , 

p m + q n=(i, 

with the initial condition 

(12) i'(«„) = 0, ?(«o) = 0- 
But from (11) it follows that 

Jl (^»* + qn) = {pu-\- qv) T= wT, 
hence integrating and remembering (12), we obtain 



(13) 



pm -\- qn= I w Tdt . 



We thus obtain for the determination oi p, q two linear equations whose 
determinant is 

mv — nu = A (^t , T^) , 

and therefore 4= on (<„, i,) according to (10); hence p and q are continuous 
on ( ^u , ij ) and with respect to their derivatives of the same character as w . 

For the same reason p and q , both vanish not only in <(, , but also in t^ , since 
according to ( a ) and {b), w and 

r toTdt 

vanish in t^ and in t^. Using these functions p and q in the transformation 
(9) and integrating* between the limits tg and t^ we obtain the Jinal result: 

(14) B'I= rH^ip'u + q'vfdt. 

27iis proves that indeed 

BU>0 



* If v/, and accordingly j/ and /, have discontinuities of the kind admitted by our assump- 
tions, the integral would have to be broken up into a sum of integrals taken over the subinter- 
vals ; but as p and q themselves are continuous, formula (9) shows that (14) remains true 
also in this case. 
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for all functions w satisfying the conditions (a), (6), (c), provided t^<.l'g. 
For S''/> unless p'u -\- q'v were identically zero; but then it would follow 
from p'm + q'n = and (10) that p' and q' must vanish identically and there- 
fore also p and q themselves since they vanish in t^ and are continuous ; but 
this is against the assumption that w does not vanish identically. 
Thk University of Chicago, April 2, 1902. 



